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1. Introduction
In this paper, we study the left-definite Sturm–Liouville Problems(SLPs) consisting of the following differential equation
and boundary conditions(BCs)
− y′′ + qy = λωy, x ∈ J = [a, b] (1.1)
where q, ω ∈ L1( J,R), ω changes sign on J . Here L1( J,R) denotes the space of real-valued Lebesgue integrable functions
on J . And the self-adjoint boundary conditions are classified into two classes [1–6]: separated and coupled. The separated
self-adjoint BCs have the canonical representation
y(a) cosα − y′(a) sinα = 0, 0 ≤ α < π
y(b) cosβ − y′(b) sinβ = 0, 0 < β ≤ π (1.2)
BCs (1.2) can be denoted by Sα,β . And each coupled self-adjoint BCs can be written as
Y (b) = eiθKY (a) (1.3)
where i = √−1,−π < θ ≤ π, Y =

y
y′

, K ∈ SL(2,R) = {K =

k11 k12
k21 k22

∈ R2×2; det K = 1}.Next we clarify
the following Left-definite Problems in terms of Right-definite ones [5,6]. And (1.1) with either a separated or a coupled
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boundary condition is Right-definite if and only if ω > 0 a.e. on J . And (1.1) with either a separated or a coupled boundary
condition is Left-definite if and only if the lowest eigenvalues of the Right-definite problem consisting of
− y′′ + qy = λ|ω|y on J (1.4)
and the same boundary condition is positive.
And for Right-Definite regular SLPs [1,2], it is well known that all eigenvalues are all real. And for separated BCs, all
eigenvalues are simple and they can be indexed to satisfy the inequalities
λ0 < λ1 < · · · < λn < · · · ;
further more these eigenvalues and their indices can be computed by the well-known Pru¨fer angle method based on
oscillation properties of eigenfunctions [1,2,4,7]: each eigenfunction for the nth eigenvalue has exactly n − 1 zeros in
the interior of the interval involved. And for Right-Definite regular SLPs with coupled BCs, there may be eigenvalues of
multiplicity two, and they satisfy the inequalities [3,4]
λ0 ≤ λ1 ≤ · · · ≤ λn ≤ · · · .
These eigenvalues and the index problem have been solved [8] using results on the level surfaces of the nth eigenvalue
[9,10] and inequalities among eigenvalues for coupled BCs and those for separated BCs [11,12].
And for Left-Definite regular SLPs [5,6], all eigenvalues are also real; and for separated BCs (1.2), all eigenvalues are simple,
and these eigenvalues and the indices can be computed by using their characterization in terms of the Pru¨fer transformation,
and these eigenvalues can be indexed to satisfy the inequalities
· · · < λ−n < · · · < λ−1 < λ−0 < 0 < λ0 < λ1 < · · · < λn < · · · .
And in the coupled case there may be eigenvalues of geometric multiplicity two, and they satisfy the inequalities
· · · ≤ λ−n ≤ · · · ≤ λ−1 ≤ λ−0 < 0 < λ0 ≤ λ1 ≤ · · · ≤ λn ≤ · · · .
But there seems to be no general purpose algorithm available for Left-Definite SLPs with couple BCs to compute the indices
of a given eigenvalue.
In this paper, we study Left-Definite SLPs with coupled BCs. Firstly, we translate Left-Definite regular Sturm–Liouville
Problems into a Right-Definite regular Sturm–Liouville Problems with two parameters. And then we obtained that, for a
given eigenvalue λ∗ of Left-Definite SLPs with coupled BCs, there are some separated BCs also having λ∗ as an eigenvalue
with the same index or indices, and then we can construct an algorithm for computing the indices of eigenvalues for the
Left-Definite SLPs.
2. Right-definite regular SLPs
It is well known that, if ω > 0 a.e.on J , then SLPs (1.1) (1.2) and (1.1) (1.3) are Right-definite. And Right-definite regular
SLPs with coupled BCs can be translated into some SLPs with separated BCs. Here we state the results for the convenience
of the reader [8].
For every λ ∈ C, let φ11(·, λ) and φ12(·, λ) be the solutions of (1.1) with ω > 0, a.e. determined by the initial conditions
φ11(a, λ) = 1, φ′11(a, λ) = 0, φ12(a, λ) = 0, φ′12(a, λ) = 1. (2.1)
We denote φ′11and φ
′
12 by φ21 and φ22 respectively. Set
Φ(t, λ) =

φ11(t, λ) φ12(t, λ)
φ21(t, λ) φ22(t, λ)

, t ∈ [a, b], λ ∈ C. (2.2)
ThenΦ(t, λ) satisfies the matrix form of (1.1), i.e.
Φ ′(t, λ) =

0 1
q− λω 0

Φ(t, λ) in (a, b) (2.3)
and the initial conditionΦ(a, λ) = I . We callΦ the fundamental solution matrix of (1.1). And note thatΦ(t, λ) ∈ SL(2,R)
for t ∈ [a, b] and λ ∈ R.
Definition 1. For each K ∈ SL(2,R), define β0,K , β1,K ∈ (0, π] by
tanβ0,K = k12/k22 or cotβ0,K = k22/k12 (2.4)
tanβ1,K = k11/k21 or cotβ1,K = k21/k11 (2.5)
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Definition 2. For a fixed λ∗ ∈ R, we set
Ψ =

ψ11 ψ12
ψ21 ψ22

:= Φ(b, λ∗) (2.6)
and call it the transfer matrix of (1.1) with λ = λ∗; and β0,Ψ and β1,Ψ are further abbreviated as β0 and β1, respectively.
And note that β0 is the zero of ψ12 cosβ − ψ22 sinβ on the interval (0, π], β1 is that of ψ11 cosβ − ψ21 sinβ .
Lemma 1 ([8]). Let λ∗ be an eigenvalue for a Right-defined SLPs with coupled self-adjoint BCs given by (1.3). Introduce
β0,K , β1,K ,Ψ , β0 and β1 by Definitions 1 and 2, then we have
(1) β0,K ≠ β1,K and β0 ≠ β1;
(2) λ∗ is also an eigenvalue for a Right-defined SLPs with
separated self-adjoint BCs S0,β0 , i.e.
S0,β0 :

y(a) = 0, 0 ≤ α < π
y(b) cosβ0 − y′(b) sinβ0 = 0, 0 < β ≤ π
Denote by n the corresponding index.
(3) If β0,K > β0, then λ∗ is a simple eigenvalue for coupled BCs, and its index is n.
(4) If β0,K < β0, then λ∗ is a simple eigenvalue for coupled BCs, and its index is n+ 1.
(5) If β0,K = β0 and β1,K = β1, then λ∗ is a double eigenvalue for coupled BCs, and its indices are n and n+ 1.
(6) If β0,K = β0 and either
β1,K > β1 > β0 or β1 > β0 > β1,K or β0 > β1,K > β1
then λ∗ is a simple eigenvalue for coupled BCs, and its index is n.
(7) If β0,K = β0 and either
β1 > β1,K > β0 or β1,K > β0 > β1 or β0 > β1 > β1,K
then λ∗ is a simple eigenvalue for coupled BCs, and its index is n+ 1.
3. Eigenvalues for general Left-definite SLPs
The existence of eigenvalues for general Left-definite SLPs has been proven [5]. Here we state the result for the
convenience of the reader.
Lemma 2 ([5]). If SLPs (1.1) (1.2) and (1.1) (1.3) are Left-definite, then their eigenvalues are all real.
In this section, we will firstly study the properties of these eigenvalues. For this purpose, we introduce the following
differential equation with two parameters [5]
− y′′ + qy− λωy = ξ |ω|y, x ∈ J = (a, b) (3.1)
in which ξ is the spectral parameter.
Then (3.1) (1.2) and (3.1) (1.3) are Right-definite, and hence (1.2) and (3.1) has a countably infinite number of eigenvalues
µn(λ, α, β), n ∈ N0 = {0, 1, 2, . . .}, which are all real and with multiplicity one, bounded from below and unbounded from
above and can be indexed to satisfy
µ0(λ, α, β) < µ1(λ, α, β) < µ2(λ, α, β) < · · · (3.2)
and
µn(λ, α, β)→+∞ as n →+∞
Remark 1 ([5,12]). µn(λ, α, β) is a continuous function with respect to α in [0, π), β in (0, π], λ in R.
Now we let ξn(λ, θ), n ∈ N0 be the nth eigenvalue of SLPs with coupled BCs (3.1) (1.3). Since (3.1) (1.3) is Right-definite,
ξn(λ, θ), n ∈ N0 can be indexed to satisfy
ξ0(λ, θ) ≤ ξ1(λ, θ) ≤ · · · (3.3)
and
ξn(λ, θ)→+∞ as n →∞
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Remark 2. (a) By Theorem 2.1 in [10], for each n ∈ N0, ξn(λ, θ) is a continuous function with respect to λ ∈ R;
(b) According to Lemma 3.2,4.2 in [12], for each n ∈ N0, ξn(λ, θ) is a continuous and strictlymonotone functionwith respect
to θ on [0, π].
(c) Since Remark 3.1 in [5], λ∗ ∈ R is an eigenvalue of (1.1) (1.3) if and only if ξn(λ∗, θ) = 0 for some n ∈ N0.
(d) Because of Remark 3.1 in [5], (1.1) (1.3) is Left-definite if and only if ξ0(0, θ) > 0.
Lemma 3 ([5]). For each n ∈ N0, θ ∈ (0, π],
(1) If ξn(h, θ) < ξ0(0, θ) for some h > 0, then ξn(λ, θ) is strictly decreasing for λ > h;
(2) If ξn(h, θ) < ξ0(0, θ) for some h < 0, then ξn(λ, θ) is strictly increasing for λ < h.
Lemma 4 ([5]). If (1.1) (1.2) (1.1) (1.3) are Left-definite, then
(1) For each n ∈ N0, µn(λ, α, β) = 0 has exactly one positive root, denoted by µn, and exactly one negative root, denoted by
µ−n. And eigenvalues for (1.1) (1.2) can be indexed to satisfy
· · · < µ−n < · · · < µ−1 < µ−0 < 0 < µ0 < µ1 < · · · < µn < · · · .
(2) For each n ∈ N0, ξn(λ, θ) = 0 has exactly one positive root, denoted by λn, and exactly one negative root, denoted by λ−n.
And eigenvalues for (1.1) (1.3) can be indexed to satisfy
· · · ≤ λ−n ≤ · · · ≤ λ−1 ≤ λ−0 < 0 < λ0 ≤ λ1 ≤ · · · ≤ λn ≤ · · · .
4. Results and proofs
In this section, we will obtain the relations of eigenvalues between Left-definite SLPs with coupled BCs (1.1) (1.3) and
the separated BCs (1.1) (1.2), and then using these results we can compute the indices of a given eigenvalue for Left-definite
SLPs with coupled BCs (1.1) (1.3). And now we study the solutions of Right-definite SLPs (3.1) and with coupled BCs (1.3).
And for a given θ , let ξn(λ) are eigenvalues of Right-definite SLPs with coupled BCs (3.1) (1.3). For every λ ∈ C, let ϕ11(·, λ)
and ϕ12(·, λ) be the solutions of (3.1) with the initial conditions
ϕ11(a, λ, ξ) = 1, ϕ′11(a, λ, ξ) = 0, ϕ12(a, λ, ξ) = 0, ϕ′12(a, λ, ξ) = 1 (4.1)
We denote ϕ′11and ϕ
′
12 by ϕ21 and ϕ22 respectively. Set
Φ(t, λ, ξ) =

ϕ11(t, λ, ξ) ϕ12(t, λ, ξ)
ϕ21(t, λ, ξ) ϕ22(t, λ, ξ)

, t ∈ [a, b], λ ∈ C (4.2)
ThenΦ(t, λ, ξ) satisfies the following matrix form,
Φ ′(t, λ, ξ) =

0 1
q− λω − ξ |ω| 0

Φ(t, λ, ξ) on [a, b] (4.3)
and the initial condition Φ(a, λ, ξ) = I . We call Φ the fundamental solution matrix of (4.3). Note that Φ(t, λ) ∈ SL(2,R)
for t ∈ [a, b] and λ ∈ R.
As well as Definitions 1 and 2 in Section 2, for a fixed λ∗ ∈ R, we define
Ψ =

ψ11 ψ12
ψ21 ψ22

:= Φ(b, λ∗, ξ(λ∗)) (4.4)
And for each K ∈ SL(2,R), define β0,K , β1,K ∈ (0, π] by
tanβ0,K = k12/k22, tanβ1,K = k11/k21 (4.5)
or
cotβ0,K = k22/k12, cotβ1,K = k21/k11
and
tanβ0,Ψ = ψ12/ψ22, tanβ1,Ψ = ψ11/ψ21 (4.6)
or
cotβ0,Ψ = ψ22/ψ12, cotβ1,Ψ = ψ21/ψ11
and β0,Ψ and β1,Ψ are further abbreviated as β0 and β1, respectively. Note that β0 is the zero ofψ12 cosβ −ψ22 sinβ on the
interval (0, π], β1 is that of ψ11 cosβ − ψ21 sinβ .
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Now we give the main theorem in this paper.
Theorem 1. Let λ∗ be an eigenvalue for a left-defined SLP with coupled self-adjoint BCs given by (1.1) (1.3). Introduce
β0,K , β1,K ,Ψ , β0 and β1 by (4.4) (4.5) (4.6), then we have
(1) λ∗ > 0(< 0) is also an eigenvalue for a left-defined SLP with separated self-adjoint BCs S0,β0 , i.e.
S0,β0 :

y(a) = 0, 0 ≤ α < π
y(b) cosβ0 − y′(b) sinβ0 = 0, 0 < β ≤ π (4.7)
Denote the corresponding index by n(−n).
(2) If β0,K > β0, then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n (−n).
(3) If β0,K < β0, then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n+ 1 (−(n+ 1)).
(4) If β0,K = β0 and β1,K = β1, then λ∗ > 0(< 0) is a double eigenvalue for coupled BCs, and its indices are n and n +
1(−n and − (n+ 1)).
(5) If β0,K = β0 and either
β1,K > β1 > β0 or β1 > β0 > β1,K or β0 > β1,K > β1
then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n (−n).
(6) If β0,K = β0 and either
β1 > β1,K > β0 or β1,K > β0 > β1 or β0 > β1 > β1,K
then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n+ 1 (−(n+ 1)).
Proof. For a given θ ∈ (0, π), let ξ(λ) are eigenvalues of Right-definite SLPs with coupled BCs (3.1) (1.3). Introduce
β0,K , β1,K ,Ψ , β0 and β1 by (4.4) (4.5) (4.6).
(1) Because of Lemma 1(2), we have ξ(λ) are eigenvalues of Right-definite SLPs with separated BCs (3.1) (4.7), and the index
is denoted by n, that is ξ(λ) = µn(λ, 0, β0).
On the one hand, by Lemmas 3 and 4(2), ξ(λ) = 0 has exactly one positive root and one negative root, and the roots,
denoted by λ±∗ , are exactly the eigenvalues of Left-definite SLPs with coupled BCs (1.1) (1.3).
On the other hand, by Lemma 4(1), µn(λ, 0, β0) = 0 has exactly one positive root and one negative root, and the roots
are exactly the eigenvalues of Left-definite SLPs with separated BCs (1.1) (4.7). Because ξ(λ) = µn(λ, 0, β0), then the roots
are also denoted by λ±∗ .
Therefor we obtain that if λ∗ be an eigenvalue for a left-defined SLPs with couple self-adjoint BCs given by (1.1) (1.3),
then λ∗ is also an eigenvalue for a left-defined SLPs with separated self-adjoint BCs S0,β0 .
Now we study the index problems.
(2) Let ξ(λ) are eigenvalues of Right-definite SLPs with coupled BCs (3.1) (1.3). Because of Lemma 1(2), we have ξ(λ) are
eigenvalues of Right-definite SLPs with separated BCs (3.1) (4.7), the index is denoted by n. By Lemma 1(3), if β0,K > β0,
then ξ(λ) is a simple eigenvalue of Right-definite SLPs with coupled BCs (3.1) (1.3), the index is denoted by n. Set λ∗ are the
roots of ξ(λ) = 0, by Lemma 4, λ∗ is a simple eigenvalue of Left-definite SLPs with coupled BCs (1.1) (1.3). If λ∗ > 0, the
index is n, if λ∗ < 0, the index is−n.
(3) If β0,K < β0, by Lemma 1(4), ξ(λ) is simple eigenvalue of Right-definite SLPs with coupled BCs (3.1) (1.3), the index is
n + 1. Set λ∗ are the roots of ξ(λ) = 0, then λ∗ is simple eigenvalue of Left-definite SLPs with coupled BCs (1.1) (1.3). If
λ∗ > 0, the index is n+ 1, if λ∗ < 0, the index is−(n+ 1).
(4) If β0,K = β0 and β1,K = β1, by Lemma 1(5) then ξ(λ) are double eigenvalues of Right-definite SLPs with coupled BCs
(3.1) (1.3), the index is n and n + 1. Set λ∗ are the roots of ξ(λ) = 0, then λ∗ are double eigenvalues of Left-definite SLPs
with coupled BCs (1.1) (1.3). If λ∗ > 0, the index is n and n+ 1, if λ∗ < 0, the index is−n and − (n+ 1).
(5) If β0,K = β0 and either
β1,K > β1 > β0 or β1 > β0 > β1,K or β0 > β1,K > β1
by Lemma 1(6), ξ(λ) is a simple eigenvalue of Right-definite SLPs with coupled BCs (3.1) (1.3), the index is n. Set λ∗ are the
roots of ξ(λ) = 0, then λ∗ is a simple eigenvalue of Left-definite SLPs with coupled BCs (1.1) (1.3). If λ∗ > 0, the index is n,
if λ∗ < 0, the index is−n.
(6) If β0,K = β0 and either
β1 > β1,K > β0 or β1,K > β0 > β1 or β0 > β1 > β1,K
by Lemma 1(7), ξ(λ) is a simple eigenvalue of Right-definite SLPs with coupled BCs (3.1) (1.3), the index is n+ 1. Set λ∗
are the roots of ξ(λ) = 0, then λ∗ is a simple eigenvalue of Left-definite SLPs with coupled BCs (1.1) (1.3). If λ∗ > 0, the
index is n+ 1, if λ∗ < 0, the index is−(n+ 1). 
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Corollary 1. Algorithm for computing the index.
Given an eigenvalue λ∗ of Left-definite SLPs with coupled BCs (1.1) (1.3), Theorem 1 yields the following algorithm for
computing the index or indices of λ∗.
Step 1: For a given K ∈ SL(2,R), compute β0,K , β1,K ∈ (0, π] by
tanβ0,K = k12/k22, tanβ1,K = k11/k21 (4.5)
or
cotβ0,K = k12/k22, cotβ1,K = k11/k21
Step 2: Approximate the fundamental solution matrixΦ(t, λ∗, ξ(λ∗)) for a ≤ t ≤ b by
Φ ′(t, λ∗, ξ(λ∗)) =

0 1
q− λ∗ω − ξ(λ∗)|ω| 0

Φ(t, λ∗, ξ(λ∗)), Φ(a, λ∗, ξ(λ∗)) = I (4.3)
Step 3: Define the transfer matrix Ψ by
Ψ =

ψ11 ψ12
ψ21 ψ22

:= Φ(b, λ∗, ξ(λ∗)) (4.4)
And compute β0, β1 via
tanβ0,Ψ = ψ12/ψ22, tanβ1,Ψ = ψ11/ψ21 (4.6)
or
cotβ0,Ψ = ψ22/ψ12, cotβ1,Ψ = ψ21/ψ11
Step 4: UseΦ(t, λ∗, ξ(λ∗)) to form an eigenfunction y∗ for ξ(λ∗) as an eigenvalue for Right-definite SLPs with separated BCs
S0,β0 :

y(a) = 0, 0 ≤ α < π
y(b) cosβ0 − y′(b) sinβ0 = 0, 0 < β ≤ π (4.7)
and computing the Pru¨fer angle θ(b, λ∗, ξ(λ∗)) = β0 + (n − 1)π , we can obtain the index of ξ(λ∗) as an eigenvalue
for the separated BCs S0,β0 , denote the index by n.
Step 5: Use Theorem 1 to compute the index or indices of λ∗ as the eigenvalue for a left-defined SLP with couple self-adjoint BCs
given by (1.1) (1.3):
If β0,K > β0, then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n (−n).
If β0,K < β0, then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n+ 1 (−(n+ 1)).
If β0,K = β0 and β1,K = β1, then λ∗ > 0(< 0) is a double eigenvalue for couple BCs, and its indices are n and n + 1
(−n and − (n+ 1)).
If β0,K = β0 and either
β1,K > β1 > β0 or β1 > β0 > β1,K or β0 > β1,K > β1
then λ∗ > 0(< 0) is a simple eigenvalue for coupled BCs, and its index is n (−n).
If β0,K = β0 and either
β1 > β1,K > β0 or β1,K > β0 > β1 or β0 > β1 > β1,K
then λ∗ > 0(< 0) is a simple eigenvalue for couple BCs, and its index is n+ 1 (−(n+ 1)).
Example 1. Let us consider the Sturm–Liouville problem consisting of the equation
− y′′ = λωy, x ∈ [−1, 1] (4.8)
where ω satisfies the conditions, ω = −1 (x ∈ [−1, 0]), ω = 1 (x ∈ [0, 1]), and the coupled boundary condition is
Y (−1) =

1 0
0 1

Y (1) (4.9)
And now we study Right-definite SLPs with coupled BCs (4.10) (4.9),i.e.
− y′′ − λωy = ξ |ω|y, x ∈ [−1, 1] (4.10)
Let y1(x, λ, ξ(λ)) and y2(x, λ, ξ(λ)) be the solutions of (4.10) with the initial conditions
y1(−1, λ, ξ) = 1, y′1(−1, λ, ξ) = 0, y2(−1, λ, ξ) = 0, y′2(−1, λ, ξ) = 1 (4.11)
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By computing we obtain that
y1(x, λ, ξ(λ)) =

cos(1+ x)ξ − λ, −1 ≤ x < 0
cos

ξ + λ cosξ + λ x+ sinξ + λ sinξ + λ x, 0 ≤ x ≤ 1 (4.12)
y2(x, λ, ξ(λ)) =

sin(1+ x)√ξ − λ√
ξ − λ , −1 ≤ x < 0
− sin
√
ξ + λ√
ξ + λ cos

ξ + λ x+ cos
√
ξ + λ√
ξ + λ sin

ξ + λ x, 0 ≤ x ≤ 1
(4.13)
And then we have
Step 1. Compute tanβ0,K = 0, cotβ1,K = 0, so we obtain β0,K = π, β1,K = π2 .
Step 2. Approximate the fundamental solution matrixΦ(x, λ∗, ξ(λ∗)) by
Φ ′(x, λ∗, ξ(λ∗)) =

0 1
−λ∗ω − ξ(λ∗) 0

Φ(t, λ∗, ξ(λ∗)), Φ(−1, λ∗, ξ(λ∗)) = I
And by (4.12) (4.13) we obtain
Φ(x, λ, ξ(λ)) =
cos(1+ x)

ξ − λ sin(1+ x)
√
ξ − λ√
ξ − λ
−ξ − λ sin(1+ x)ξ − λ cos(1+ x)ξ − λ
 , −1 ≤ x < 0 (4.14)
Φ(x, λ, ξ(λ))
=
cos

ξ + λ cosξ + λ x+ sinξ + λ sinξ + λ x − sin√ξ + λ√
ξ + λ cos

ξ + λ x+ cos
√
ξ + λ√
ξ + λ sin

ξ + λ x
−ξ + λ cosξ + λ sinξ + λ x+ξ + λ sinξ + λ cosξ + λ x cosξ + λ cosξ + λ x+ sinξ + λ sinξ + λ x
 ,
0 ≤ x ≤ 1 (4.15)
Step 3. Define the transfer matrix Ψ by (4.14) (4.15)
Ψ =

ψ11 ψ12
ψ21 ψ22

:= Φ(1, λ∗, ξ(λ∗)) =

1 0
0 1

(4.16)
And computing β0, β1 via tanβ0,Ψ = 0, cotβ1,Ψ = 0, we have β0 = π, β1 = π2 .
Step 4. Let λ∗ ≠ 0 be an eigenvalue for left-defined SLPs with couple self-adjoint BCs given by (4.8) and (4.9), then we have
λ∗ is also an eigenvalue for left-defined SLPs (4.8) with separated self-adjoint BCs S0,β0 , i.e.
S0,β0 :

y(−1) = 0
y(1) = 0 (4.17)
Denote the corresponding index by n if λ∗ > 0, by−n if λ∗ < 0.
Step 5. Because β0,K = β0 = π, β1,K = β1 = π2 , and by Theorem 1(4) we obtain λ∗ ≠ 0 are double eigenvalues for
left-defined SLPs with couple self-adjoint BCs given by (4.8) (4.9), and the corresponding indices are n and n+ 1 if λ∗ > 0;
the corresponding indices are−n and−(n+ 1) if λ∗ < 0.
Remark 3. From Example 1 we can see that every eigenvalue (if it is not zero) are double of left-defined SLPs with coupled
self-adjoint BCs given by (4.8) (4.9).
Example 2. Let us consider
− y′′ = λωy, x ∈ [−1, 1] (4.8)
where ω satisfy the conditions, ω = −1 (x ∈ [−1, 0]), ω = 1 (x ∈ [0, 1]), and the coupled boundary condition is
Y (−1) =

1 1
0 1

Y (1). (4.18)
Y. Zhang, X. Zhang / Journal of Computational and Applied Mathematics 236 (2012) 3426–3433 3433
Step 1. Compute tanβ0,K = 1, cotβ1,K = 0, so we obtain β0,K = π4 , β1,K = π2 .
Step 2. The fundamental solution matrixΦ(x, λ∗, ξ(λ∗)) of
Φ ′(x, λ∗, ξ(λ∗)) =

0 1
−λ∗ω − ξ(λ∗) 0

Φ(t, λ∗, ξ(λ∗)), Φ(−1, λ∗, ξ(λ∗)) = I
is also (4.14) (4.15).
Step 3. The transfer matrixΨ is also (4.16), and computing β0, β1 via tanβ0,Ψ = 0, cotβ1,Ψ = 0, we have β0 = π, β1 = π2 .
Step 4. Let λ∗ ≠ 0 be an eigenvalue for left-defined SLPs with coupled self-adjoint BCs given by (4.8) (4.18), then we have λ∗
is also an eigenvalue for left-defined SLPs (4.8) with separated self-adjoint BCs S0,β0 (4.17). Denote the corresponding index
by n if λ∗ > 0, and by−n if λ∗ < 0.
Step 5. Because β0,K = π4 < β0 = π , and by Theorem 1(3) we obtain that λ∗ ≠ 0 is simple eigenvalue for left-defined SLPs
with couple self-adjoint BCs given by (4.8) (4.18), and the corresponding index is n+ 1 if λ∗ > 0; the corresponding index
is−(n+ 1) if λ∗ < 0.
Example 3. Consider
− y′′ = λωy, x ∈ [−1, 1] (4.8)
where ω satisfies the conditions, ω = −1 (x ∈ [−1, 0]), ω = 1 (x ∈ [0, 1]), and the coupled boundary condition is
Y (−1) =

1 0
1 1

Y (1). (4.19)
Compute β0,K = π, β1,K = π4 and β0 = π, β1 = π2 .
Let λ∗ ≠ 0 be an eigenvalue for left-defined SLPs with coupled self-adjoint BCs given by (4.8) (4.19), then we have λ∗ is
also an eigenvalue for left-defined SLPs (4.8) with separated self-adjoint BCs S0,β0 (4.17). Denote the corresponding index
by n if λ∗ > 0, and by−n if λ∗ < 0.
Because β0,K = β0 = π and β0 = π > β1 = π2 > β1,K = π4 , by Theorem 1(6) we obtain λ∗ > 0(< 0) is a simple
eigenvalue for coupled BCs (4.8) (4.19), and its index is n+ 1 (−(n+ 1)).
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